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COUPLED PARAXIAL WAVE EQUATIONS IN RANDOM MEDIA
IN THE WHITE-NOISE REGIME1
By Josselin Garnier and Knut Sølna2
Universite´ Paris VII and University of California at Irvine
In this paper the reflection and transmission of waves by a three-
dimensional random medium are studied in a white-noise and parax-
ial regime. The limit system derives from the acoustic wave equations
and is described by a coupled system of random Schro¨dinger equa-
tions driven by a Brownian field whose covariance is determined by
the two-point statistics of the fluctuations of the random medium.
For the reflected and transmitted fields the associated Wigner distri-
butions and the autocorrelation functions are determined by a closed
system of transport equations. The Wigner distribution is then used
to describe the enhanced backscattering phenomenon for the reflected
field.
1. Introduction. The paraxial wave equation, in homogeneous or in ran-
dom media, is a model used for many applications, for instance in commu-
nication and imaging [19]. It has the form of an evolution equation that
describes waves propagating along a privileged axis and it can be obtained
by neglecting backscattering. Its simplicity, compared to the full three-
dimensional wave equation, enables analysis of many important phenomena,
such as laser beam propagation [9, 12, 16, 23], time reversal in random media
[5, 11], underwater acoustics [24] or migration problems in geophysics [6].
The derivation of the paraxial model in homogeneous media is well un-
derstood, and it can also be justified in heterogeneous media for small vari-
ations of the wave speed [2, 4]. However, it is not clear whether the paraxial
(parabolic) approximation is still valid in a scaling regime in which the
medium fluctuations are rapid and can be approximated by a white-noise
Received December 2007; revised April 2008.
1Supported by ONR Grant N00014-02-1-0089 and DARPA Grant N00014-05-1-0442.
2Supported by NSF Grant DMS-03-07011 and the Sloan Foundation.
AMS 2000 subject classifications. 60H15, 35R60, 74J20.
Key words and phrases. Waves in random media, parabolic approximation, diffusion-
approximation.
This is an electronic reprint of the original article published by the
Institute of Mathematical Statistics in The Annals of Applied Probability,
2009, Vol. 19, No. 1, 318–346. This reprint differs from the original in pagination
and typographic detail.
1
2 J. GARNIER AND K. SØLNA
term. The main motivations for studying the white-noise paraxial wave equa-
tion are (i) it appears as a very natural model in many applications where
the correlation length of the medium is relatively small, in particular much
smaller than the propagation distance, (ii) it allows for the use of Itoˆ’s
stochastic calculus, which in turn enables the closure of the hierarchy of
moment equations [15] and thereby analysis of important wave propagation
problems, such as the star scintillation due to atmospheric turbulence [25].
If the paraxial approximation and the white-noise approximation can be
justified simultaneously, then the conjecture [21, 23] is that the limit equa-
tion should take the form of the random Schro¨dinger equation studied in
particular in [8]. The proof of the convergence of the solution of the wave
equation in random media to the solution of the white-noise paraxial equa-
tion was obtained in the case of stratified weakly fluctuating media in [1].
In our paper we consider the transmission and reflection of acoustic waves
by a slab of medium whose parameters have three-dimensional random fluc-
tuations and whose end is either transparent or a strong interface. This
model is particularly interesting in the context of optical coherence tomog-
raphy [26]. We analyze a wave propagation regime in which the paraxial
and white-noise approximations are valid. In this regime we obtain a sys-
tem of coupled Schro¨dinger equations driven by a Brownian field that fully
determines the statistics of the transmitted and reflected waves. As a corol-
lary we compute explicitly the two-point statistics of the transmitted and
reflected waves. These results show that the often used “independent ap-
proach” for the reflected wave (in which the statistics of the forward- and
backward-propagating waves are assumed to be independent [26]) is valid if
and only if the transverse correlation radius of the fluctuations of the random
medium is smaller than the initial beam width. Finally, we use the coupled
Schro¨dinger equations to give a rigorous account for the enhanced backscat-
tering or weak localization phenomenon [27] and we compute explicitly the
enhancement factor and the shape of the enhanced backscattering cone.
2. The transmission and reflection operators. We consider linear acous-
tic waves propagating in 1 + d spatial dimensions with random medium
fluctuations. The governing equations are
ρ(z,x)
∂u
∂t
+∇p=F, 1
K(z,x)
∂p
∂t
+∇ · u= 0,(2.1)
where p is the pressure field, u is the velocity field, ρ is the density of the
medium, K is the bulk modulus of the medium and (z,x) ∈ R × Rd are
the space coordinates. The source is modelled by the forcing term F. We
consider in this paper the situation in which a random slab occupying the
section z ∈ (0,L) is sandwiched in between two homogeneous half-spaces.
The source, F, is located outside of the slab at z = z0, z0 > L. We shall
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refer to waves propagating in the direction with a positive z component
as right-propagating waves. The medium fluctuations in the random slab
(0,L) vary rapidly in space while the “background” medium is constant. The
medium is assumed to be matched at the right boundary z = L. We consider
a possible mismatch at the boundary z = 0 and denote the background
medium parameters by ρ0 and K0 in the half-space z ≤ 0 and by ρ1 and K1
in the half-space z > 0:
1
K(z,x)
=

K−10 , if z ≤ 0,
K−11 (1 + νK(z,x)), if z ∈ (0,L),
K−11 , if z ≥L,
ρ(z,x) =

ρ0, if z ≤ 0,
ρ1, if z ∈ (0,L),
ρ1, if z ≥L,
where the random field νK(z,x) models the medium fluctuations, whose
correlation length is lK . The source has the form
F(t, z,x) = fs(t,x)δ(z − z0)ez,
where ez is the unit vector pointing in the z-direction, z0 >L is the source
position. We denote by ω0 the typical frequency of the source term fs and
by R0 the diameter of its spatial support (which gives the initial beam
width). The typical wavelength associated with the typical frequency ω0 is
λ0 = 2pic1/ω0, for c1 =
√
K1/ρ1 the background speed for z > 0, which is
of the same order as the background speed c0 =
√
K0/ρ0 in the half-space
z ≤ 0.
We can now introduce the scaling regime that we consider in this paper:
(1) We assume that the correlation length lK of the medium is much
smaller than the propagation distance L. We denote by ε2 the ratio between
the correlation length and the typical propagation distance.
(2) We assume that the transverse width of the source R0 and the cor-
relation length of the medium lK are of the same order. This means that
we assume that the ratio R0/L is of order ε
2. This scaling is motivated by
the fact that, in this regime, there is a nontrivial interaction between the
fluctuations of the medium and the beam.
(3) We assume that the typical wavelength λ0 is much smaller than the
propagation distance L; more precisely, we assume that the ratio λ0/L is of
order ε4. This high-frequency scaling is motivated by the following consid-
erations. The Rayleigh length for a beam with initial width R0 and central
wavelength λ0 is of the order of R
2
0/λ0 in absence of random fluctuations
(the Rayleigh length is the distance from beam waist where the beam area is
doubled by diffraction). In order to get a Rayleigh length of the order of the
propagation distance L, the ratio λ0/L must be of order ε
4 since R0/L∼ ε2.
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Henceforth we shall assume nondimensionalized units chosen such that the
background bulk modulus K1 and density ρ1 in the half-space z > 0 are 1,
hence, the background speed c1 =
√
K1/ρ1 and impedance Z1 =
√
K1ρ1 are
also equal to 1. If we consider the propagation distance, L, as our reference
distance of order 1 in this scaled regime, then the source has the form
F(t, z,x) = f
(
t
ε4
,
x
ε2
)
δ(z − z0)ez,(2.2)
where f(t,x) is the normalized source shape function (with time and spatial
scales of variations of order 1), and the medium fluctuations have the form
1
K(z,x)
=

K−10 , if z ≤ 0,
1 + ε3ν
(
z
ε2
,
x
ε2
)
, if z ∈ (0,L),
1, if z ≥ L,
ρ(z,x) =

ρ0, if z ≤ 0,
1, if z ∈ (0,L),
1, if z ≥ L,
where the zero-mean, stationary random field ν has a correlation length of
order 1 and standard deviation of order 1. We also assume that it satisfies
strong mixing conditions in z. Here the amplitude ε3 of the fluctuations
has been chosen so as to obtain an effective regime of order 1 when ε goes
to zero. That is, if the magnitude of the fluctuations is smaller than ε3,
then the wave would propagate as if the medium were homogeneous, while
if the order of magnitude is larger, then the wave would not penetrate the
slab. The scaling that we consider here corresponds to the physically most
interesting situation.
Since both the medium and the source have transverse spatial variations
at the scale ε2, it is convenient to rescale the transverse variable x/ε2 → x
and to introduce the rescaled fields uε and pε:
uε(t, z,x) = u(t, z, ε2x), pε(t, z,x) = p(t, z, ε2x).(2.3)
The reader should keep in mind that thus, in the discussion below, when
we refer to the transversal spatial parameter x it corresponds to ε2x in the
original coordinates. The rescaled fields satisfy in the region z ∈ (−∞,0]:
ρ0
∂uε
∂t
+
[
∂z
ε−2∇x
]
pε = 0,
1
K0
∂pε
∂t
+
[
∂z
ε−2∇x
]
· uε = 0,(2.4)
where ∇x stands for the gradient with respect to the transverse spatial
variables x. In the random slab z ∈ (0,L) the fields satisfy
∂uε
∂t
+
[
∂z
ε−2∇x
]
pε = 0,
(2.5) (
1 + ε3ν
(
z
ε2
,x
))
∂pε
∂t
+
[
∂z
ε−2∇x
]
· uε = 0,
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Fig. 1. Boundary conditions for the modes in the presence of an interface at z = 0, a
random slab (0,L) and a source at z = z0.
and in the region z ∈ [L,∞) (in which the source is located):
∂uε
∂t
+
[
∂z
ε−2∇x
]
pε = f
(
t
ε4
,x
)
δ(z − z0)
[
1
0
]
,
∂pε
∂t
+
[
∂z
ε−2∇x
]
uε = 0.
In the Fourier domain (with respect to time), the first equations of these
systems give the expressions of the velocity fields in terms of the pressure
fields.
We first consider the wave field in the homogeneous half-space z ≤ 0,
which allows us to introduce the standard paraxial wave equation in ho-
mogeneous medium. The wave field satisfies (2.4) with the wave speed
c0 =
√
K0/ρ0. Following [18] (in a different scaling) we introduce the com-
plex amplitudes aˇε0 and bˇ
ε
0 of the right- and left-propagating modes (see
Figure 1):
aˇε0(k, z,x) =
c0
2
[∫ (
1
ε4
pε(t, z,x) +
1
ik
∂pε
∂z
(t, z,x)
)
eic0kt/ε
4
dt
]
e−ikz/ε
4
,
bˇε0(k, z,x) =
c0
2
[∫ (
1
ε4
pε(t, z,x)− 1
ik
∂pε
∂z
(t, z,x)
)
eic0kt/ε
4
dt
]
eikz/ε
4
.
They are such that the pressure field in the region z ≤ 0 can be written as
pε(t, z,x) =
1
2pi
∫
(aˇε0(k, z,x)e
ikz/ε4 + bˇε0(k, z,x)e
−ikz/ε4)e−ic0kt/ε
4
dk,
and they satisfy
∂aˇε0
∂z
(k, z,x)eikz/ε
4
+
∂bˇε0
∂z
(k, z,x)e−ikz/ε
4
= 0.
Using (2.4), we find that they also satisfy the coupled mode equations
∂aˇε0
∂z
=
i
2k
∆xaˇ
ε
0 + e
−2ikz/ε4 i
2k
∆xbˇ
ε
0,
∂bˇε0
∂z
=−e2ikz/ε4 i
2k
∆xaˇ
ε
0 −
i
2k
∆xbˇ
ε
0,
where ∆x is the transverse Laplacian. In the limit ε→ 0, the cross terms
(proportional to e±2ikz/ε4) average out to zero and we get the two uncoupled
6 J. GARNIER AND K. SØLNA
paraxial wave equations
∂aˇε0
∂z
=
i
2k
∆xaˇ
ε
0,
∂bˇε0
∂z
=− i
2k
∆xbˇ
ε
0.
Taking into account the fact that there is no source in the half-space z ≤ 0,
and therefore no right-going wave, we obtain the general expression of the
wave in the left homogeneous half-space
pε(t, z,x) =
1
2pi
∫
bˇε0(k, z,x)e
−ikz/ε4e−ic0kt/ε
4
dk, z ≤ 0.(2.6)
Similarly, the wave fields in the homogeneous regions (L,z0) and (z0,∞)
have the forms
pε(t, z,x)
=

1
2pi
∫
(aˇε1(k, z,x)e
ikz/ε4 + bˇε1(k, z,x)e
−ikz/ε4)e−ikt/ε
4
dk, z ∈ (L,z0),
1
2pi
∫
aˇε2(k, z,x)e
ikz/ε4e−ikt/ε
4
dk, z > z0,
respectively. Here we used the fact that there is no source and therefore no
left-going wave in the region z > z0; see Figure 1. We can also use the jump
conditions across the source position z = z0 to obtain the relations
bˇε1(k, z0,x) =−12eikz0/ε
4
fˇ(k,x),(2.7)
aˇε2(k, z0,x)− aˇε1(k, z0,x) = 12e−ikz0/ε
4
fˇ(k,x).(2.8)
By solving the paraxial wave equation for bˇε1, we obtain the expression for
the complex amplitude of the wave impinging on the random slab at z =L:
bˇε1(k,L,x) = e
ikz0/ε4 bˇinc(k,x),(2.9)
bˇinc(k,x) =− 1
2(2pi)d
∫
fˆ(k,κ)ei|κ|
2(L−z0)/(2k)+iκ·x dκ,(2.10)
where the Fourier transforms are defined by
fˇ(k,x) =
∫
f(t,x)eikt dt, fˆ(k,κ) =
∫
fˇ(k,x)e−iκ·x dx.(2.11)
The pressure field in the region z ∈ (0,L) can be written as
pε(t, z,x) =
1
2pi
∫
(aˇε(k, z,x)eikz/ε
4
+ bˇε(k, z,x)e−ikz/ε
4
)e−ikt/ε
4
dk,
with the complex amplitudes aˇε and bˇε of the right- and left-propagating
modes given explicitly by
aˇε(k, z,x) =
1
2
[∫ (
1
ε4
pε(t, z,x) +
1
ik
∂pε
∂z
(t, z,x)
)
eikt/ε
4
dt
]
e−ikz/ε
4
,
bˇε(k, z,x) =
1
2
[∫ (
1
ε4
pε(t, z,x)− 1
ik
∂pε
∂z
(t, z,x)
)
eikt/ε
4
dt
]
eikz/ε
4
.
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Using (2.5) we obtain the following mode coupling equations:
∂aˇε
∂z
=
(
ik
2ε
ν
(
z
ε2
,x
)
+
i
2k
∆x
)
aˇε
(2.12)
+ e−2ikz/ε
4
(
ik
2ε
ν
(
z
ε2
,x
)
+
i
2k
∆x
)
bˇε,
∂bˇε
∂z
=−e2ikz/ε4
(
ik
2ε
ν
(
z
ε2
,x
)
+
i
2k
∆x
)
aˇε
(2.13)
−
(
ik
2ε
ν
(
z
ε2
,x
)
+
i
2k
∆x
)
bˇε.
This system is valid in z ∈ (0,L) and it is complemented with the following
boundary conditions at z = 0 and z =L:
bˇε(k, z =L,x) = eikz0/ε
4
bˇinc(k,x),(2.14)
aˇε(k, z = 0,x) =R0bˇε(k, z = 0,x),(2.15)
where R0 = (Z0 − 1)/(Z0 +1) is the reflection coefficient of the interface at
z = 0 and Z0 =
√
K0ρ0 is the impedance of the left homogeneous half-space.
These boundary conditions are obtained from the continuity relations of the
fields pε and ez · uε at z = 0 and z = L. The continuity relations also give
the expressions for the complex amplitudes of the transmitted field bˇε0 in the
region z ≤ 0 and of the reflected field aˇε1 in the region z ≥ L:
bˇε0(k, z = 0,x) = T0bˇε(k, z = 0,x),(2.16)
aˇε1(k, z = L,x) = aˇ
ε(k, z = L,x),(2.17)
where T0 = 2Z1/20 /(1 +Z0) is the transmission coefficient of the interface at
z = 0. If there is no impedance contrast Z0 = 1, then T0 = 1 and R0 = 0 and
the boundary condition (2.15) reads aˇε(k, z = 0,x) = 0. This is the radiation
condition expressing the fact that there is no wave incoming from −∞.
We now make use of an invariant imbedding step and introduce transmis-
sion and reflection operators. First, we define the lateral Fourier modes
aˆε(k, z,κ) =
∫
aˇε(k, z,x)e−iκ·x dx,
(2.18)
bˆε(k, z,κ) =
∫
bˇε(k, z,x)e−iκ·x dx,
and make the ansatz
bˆε0(k,0,κ) =
∫
T̂
ε(k, z,κ,κ′)bˆε(k, z,κ′)dκ′,
(2.19)
aˆε(k, z,κ) =
∫
R̂
ε(k, z,κ,κ′)bˆε(k, z,κ′)dκ′.
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Using the mode coupling equations (2.12)–(2.13) we find that the operators
T̂ ε and R̂ε satisfy
d
dz
R̂
ε(k, z,κ,κ′)
= e−2ikz/ε
4
L̂
ε(k, z,κ,κ′)(2.20)
+ e2ikz/ε
4
∫∫
R̂
ε(k, z,κ,κ1)L̂
ε(k, z,κ1,κ2)
× R̂ε(k, z,κ2,κ′)dκ1 dκ2
+
∫
L̂
ε(k, z,κ,κ1)R̂
ε(k, z,κ1,κ
′)dκ1
+
∫
R̂
ε(k, z,κ,κ1)L̂
ε(k, z,κ1,κ
′)dκ1,
d
dz
T̂
ε(k, z,κ,κ′)
=
∫
T̂
ε(k, z,κ,κ1)L̂
ε(k, z,κ1,κ
′)dκ1
(2.21)
+ e2ikz/ε
4
∫∫
T̂
ε(k, z,κ,κ1)L̂
ε(k, z,κ1,κ2)
× R̂ε(k, z,κ2,κ′)dκ1 dκ2,
where we have defined
L̂
ε(k, z,κ1,κ2) =− i
2k
|κ1|2δ(κ1 − κ2) + ik
2(2pi)dε
νˆ
(
z
ε2
,κ1 −κ2
)
,(2.22)
with νˆ(z,κ) the partial Fourier transform (in x) of ν(z,x). This system is
complemented with the initial conditions at z = 0, which are obtained from
(2.15) and (2.16):
R̂
ε(k, z = 0,κ,κ′) =R0δ(κ−κ′), T̂ ε(k, z = 0,κ,κ′) = T0δ(κ− κ′).
The transmission and reflection operators evaluated at z = L carry all the
relevant information about the random medium from the point of view of the
transmitted and reflected waves, which are our main quantities of interest.
Our objective in the next sections is to characterize the transmitted wave
field
pεtr(s,x) = p
ε(z0 + ε
4s, z = 0,x)
(2.23)
=
1
(2pi)d+1
∫∫∫
T̂
ε(k,L,κ,κ′)bˆinc(k,κ′)dκ′ ei(κ·x−ks) dκdk,
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and the reflected wave field
pεref(s,x) = p
ε(z0 +L+ ε
4s, z = L,x)
(2.24)
=
1
(2pi)d+1
∫∫∫
R̂
ε(k,L,κ,κ′)bˆinc(k,κ′)dκ′ ei(κ·x−ks) dκdk.
Note that the wave field “fronts” are observed on the time scale of the source
and around their respective expected arrival times (z0 for the transmitted
wave, and L+ z0 for the reflected wave, which corresponds to the travel
time to go from the source at z = z0 to the interface at z = 0 and back at
the surface at z = L).
3. The random Schro¨dinger model.
3.1. Statement of the main result. We consider the transmitted and re-
flected fields pεtr and p
ε
ref defined by (2.24)–(2.25) and use diffusion approx-
imation theorems to identify a limit random Schro¨dinger model. The main
result is the following one.
Proposition 3.1. The processes (pεtr(s,x), p
ε
ref(s,x))s∈R,x∈Rd converge
in distribution as ε→ 0 in the space C0(R,L2(Rd,R2)) ∩L2(R,L2(Rd,R2))
to the limit process (ptr(s,x), pref(s,x))s∈R,x∈Rd
ptr(s,x) =
1
2pi
∫∫
Tˇ (k,L,x,x′)bˇinc(k,x′)dx′ e−iks dk,(3.1)
pref(s,x) =
1
2pi
∫∫
Rˇ(k,L,x,x′)bˇinc(k,x′)dx′ e−iks dk.(3.2)
Here C0(R,L2(Rd,R2)) is the space of continuous functions (in s) with
values in L2(Rd,R2) and L2(R,L2(Rd,R2)) = L2(R × Rd,R2). The opera-
tors Tˇ (k, z,x,x′) and Rˇ(k, z,x,x′) are the solutions of the following Itoˆ–
Schro¨dinger diffusion models:
dTˇ (k, z,x,x′) =
i
2k
∆x′Tˇ (k, z,x,x
′)dz +
ik
2
Tˇ (k, z,x,x′) ◦ dB(z,x′),(3.3)
dRˇ(k, z,x,x′) =
i
2k
(∆x +∆x′)Rˇ(k, z,x,x
′)dz
(3.4)
+
ik
2
Rˇ(k, z,x,x′) ◦ (dB(z,x) + dB(z,x′)),
with the initial conditions
Tˇ (k,0,x,x′) = T0δ(x− x′), Rˇ(k,0,x,x′) =R0δ(x− x′).
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The symbol ◦ stands for the Stratonovich stochastic integral in z, B(z,x) is
a real-valued Brownian field with covariance
E[B(z1,x1)B(z2,x2)] = min{z1, z2}C0(x1 − x2),(3.5)
and we have used the notation
C(z,x) = E[ν(z′ + z,x′ + x)ν(z′,x′)],(3.6)
C0(x) =
∫ ∞
−∞
C(z,x)dz.(3.7)
The moments of the finite-dimensional distributions also converge, in the
sense that
E
[ q∏
j=1
pεtr(sj,xj)
mj
q˜∏
j=1
pεref(s˜j , x˜j)
m˜j
]
(3.8)
ε→0−→ E
[ q∏
j=1
ptr(sj,xj)
mj
q˜∏
j=1
pref(s˜j, x˜j)
m˜j
]
,
for any q, q˜ ∈ N, (sj)j=1,...,q ∈ Rq, (s˜j)j=1,...,q˜ ∈ Rq˜, (xj)j=1,...,q ∈ Rdq,
(x˜j)j=1,...,q˜ ∈Rdq˜, (mj)j=1,...,q ∈Nq and (m˜j)j=1,...,q˜ ∈Nq˜.
In [8] the existence and uniqueness have been established for the random
process
Vk(z,x) =
∫
Tˇ (k, z,x,x′)φ(x′)dx′,
for a test function φ with unit L2(Rd)-norm, in the case T0 = 1. It is shown
that the process Vk(z,x) is a continuous Markov diffusion process on the
unit ball of L2(Rd,C). The moment equations moreover satisfy a closed
system at each order [15]. The analysis can be readily extended to the pair
(ptr, pref) defined in terms of (Tˇ ,Rˇ) and can be carried out jointly for all
frequencies k in an interval bounded away from 0 and infinity. We then get
that the processes ptr and pref have constant L
2(R×Rd)-norms, so that the
conservation of energy relation holds:∫∫
|ptr(s,x)|2 + |pref(s,x)|2 dsdx=
∫∫
|binc(s,x)|2 dsdx,(3.9)
where we have also used the identity R20 + T 20 = 1.
The main steps of the proof of Proposition 3.1 given in the next section
are
(1) tightness and a priori estimates for (pεtr, p
ε
ref),
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(2) convergence of the finite-dimensional distributions of the process (pεtr,
pεref), using the convergence of specific moments of the reflection and trans-
mission operators T̂ ε and R̂ε. Heuristically, the reasons for the convergence
of T̂ ε and R̂ε are that the terms with the rapid phases exp(±i2kz/ε4) in
(2.20)–(2.21) vanish in the limit ε→ 0, and that the random “potential”
in (2.22) can be replaced by a white noise. We then get formally the limit
system (3.3)–(3.4). However, this holds true in a special weak sense only. In-
deed, it is important to note that the reflection and transmission operators
T̂ ε and R̂ε themselves do not converge to T̂ and R̂ solution of (3.3)–
(3.4), but only certain moments (expectations of products of components
with distinct frequencies k), which are those needed to ensure the conver-
gence of the transmitted and reflected fields. This approach is similar to the
one used to prove the O’Doherty–Anstey theory in one-dimensional random
media [7, 14] and to study the second-order statistics of the wave backscat-
tered by a three-dimensional random medium [17, 18]. The limit moments
are characterized by the system (A.15) of coupled equations, which gives the
practical way to compute all the moments of the reflected and transmitted
wave fields. Some particular applications will be given in Sections 4 and 5.
(3) use of Itoˆ’s lemma for Hilbert-space-valued processes [20], Theorem
2.4, in order to check that the specific moments of the reflection and trans-
mission operators T̂ and R̂ given by (3.3)–(3.4) are solutions of the system
(A.15) of coupled equations.
3.2. Proof of Proposition 3.1. This section is devoted to the proof of
Proposition 3.1. We shall use a technique similar to the one presented in
[14] in the case of randomly layered media.
Step 1. A priori estimates. From (2.12)–(2.13) we can check that, for
any k, the integral ∫
|aˇε(k, z,x)|2 − |bˇε(k, z,x)|2 dx
is conserved in z. Applying this conservation relation at z = 0 and z = L,
and taking into account the boundary conditions (2.14)–(2.15), we obtain∫
|aˇε(k,L,x)|2 dx+ (1−R20)
∫
|bˇε(k,0,x)|2 dx=
∫
|bˇinc(k,x)|2 dx.
Using now (2.16)–(2.17) and the identity R20 + T 20 = 1, we obtain∫
|aˇε1(k,L,x)|2 dx+
∫
|bˇε0(k,0,x)|2 dx=
∫
|bˇinc(k,x)|2 dx,(3.10)
which expresses the fact that the power of the incoming wave is fully re-
covered by the transmitted and reflected waves. Integrating in k and using
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Parseval’s equality establishes the total energy conservation relation∫∫
|pεref(s,x)|2 dxds+
∫∫
|pεtr(s,x)|2 dxds=
∫∫
|binc(s,x)|2 dxds.(3.11)
We first state a priori estimates for our quantities of interest.
Lemma 3.1. There exists C > 0 such that, uniformly in ε and in s0, s1,∫
|pεtr(s0,x)|2 dx≤C and
(3.12) ∫
|pεtr(s1,x)− pεtr(s0,x)|2 dx≤C|s1 − s0|.
The same estimate holds true for pεref .
Proof. Using Sobolev’s embedding L∞(R)⊂H1(R), there exists a con-
stant Csob such that, for any x,
sup
s
|pεtr(s,x)|2 ≤Csob‖pεtr(·,x)‖H1(R,R) =
Csob
2pi
∫
(1 + k2)|bˇε(k,0,x)|2 dk,
where we have also used Parseval’s equality. Integrating in x and using the
conservation equation (3.10) yields the first result of the lemma:
sup
s
∫
|pεtr(s,x)|2 dx≤
∫
sup
s
|pεtr(s,x)|2 dx≤
Csob
2pi
∫∫
(1+k2)|bˇinc(k,x)|2 dxdk.
By the Cauchy–Schwarz inequality, we have
|pεtr(s1,x)− pεtr(s0,x)|2 =
∣∣∣∣ ∫ s1
s0
∂pεtr
∂s
(s,x)ds
∣∣∣∣2 ≤ ∫ s1
s0
ds
∫ s1
s0
∣∣∣∣∂pεtr∂s (s,x)
∣∣∣∣2 ds
≤ |s1 − s0|
∫ ∣∣∣∣∂pεtr∂s (s,x)
∣∣∣∣2 ds.
The integral in x of the last term in the inequality can be bounded uni-
formly as above. The reflected field can be analyzed in the same way, which
completes the proof. 
Step 2. The moments of the finite-dimensional distribution of (pεtr(s,x),
pεref(s,x)) converge to those of (ptr(s,x), pref(s,x)). The general moment
(3.8) of pεtr(s,x) can be expressed as the multiple integral
E
[ q∏
j=1
pεtr(sj,xj)
mj
q˜∏
j=1
pεref(s˜j, x˜j)
m˜j
]
=
1
(2pi)(N+M)(d+1)
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×
∫
· · ·
∫ q∏
h=1
mh∏
j=1
dκ′h,j dκh,j dkh,j
×
q˜∏
h=1
m˜h∏
j=1
dκ˜′h,j dκ˜h,j dk˜h,j
×
∏
h,j
(bˆinc(kh,j,κ
′
h,j)e
i(κh,j ·xh−kh,jsh))
×
∏
h,j
(bˆinc(k˜h,j, κ˜
′
h,j)e
i(κ˜h,j ·x˜h−k˜h,j s˜h))
× E
[∏
h,j
T̂
ε(kh,j ,L,κh,j,κ
′
h,j)
∏
h,j
R̂
ε(k˜h,j,L, κ˜h,j, κ˜
′
h,j)
]
,
for N =
∑q
h=1mh and M =
∑q˜
h=1 m˜h. Therefore, the convergence of the
general moment of the transmitted and reflected wave fields in the white-
noise limit will follow from the convergence of the following specific moments
E[Iε(L)] of the transmission and reflection operators, where
Iε(L) =
N∏
j=1
T̂
ε(kj ,L,κj,κ
′
j)
M∏
j=1
R̂
ε(k˜j ,L, κ˜j, κ˜
′
j).(3.13)
We call these moments “specific” because we restrict our attention to the
case in which the frequencies kj , k˜j are all distinct.
We use diffusion approximation theorems to obtain equations for the mo-
ments Iε in the limit ε→ 0. In the Appendix we show that
lim
ε→0
E[Iε(L)] = E
[
N∏
j=1
T̂ (kj ,L,κj ,κ
′
j)
M∏
j=1
R̂(k˜j ,L, κ˜j , κ˜
′
j)
]
,
when the right-hand side expectation is taken with respect to the following
Itoˆ–Schro¨dinger model for the transmission and reflection operators:
dT̂ (k, z,κ,κ′) =− i|κ
′|2
2k
T̂ (k, z,κ,κ′)dz − k
2C0(0)
8
T̂ (k, z,κ,κ′)dz
(3.14)
+
ik
2(2pi)d
∫
T̂ (k, z,κ,κ1)dBˆ(z,κ1 −κ′)dκ1,
dR̂(k, z,κ,κ′) =− i(|κ|
2 + |κ′|2)
2k
R̂(k, z,κ,κ′)dz
− k
2C0(0)
4
R̂(k, z,κ,κ′)dz
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− k
2
4(2pi)d
∫
Ĉ0(κ1)R̂(k, z,κ−κ1,κ′ −κ1)dκ1 dz(3.15)
+
ik
2(2pi)d
∫
(R̂(k, z,κ,κ1)dBˆ(z,κ1 − κ′)
+ R̂(k, z,κ1,κ
′)dBˆ(z,κ−κ1))dκ1,
with the initial conditions T̂ (k,0,κ,κ′) = T0δ(κ − κ′) and R̂(k,0,κ,κ′) =
R0δ(κ−κ′). Here we have used the notations (3.6)–(3.7) and the Brownian
field Bˆ has the following operator-valued spatial covariance:
E[Bˆ(z1,κ1)Bˆ(z2,κ2)] = min{z1, z2}(2pi)dĈ0(κ1)δ(κ1 + κ2),(3.16)
where
Ĉ0(κ) =
∫ ∞
−∞
∫
Rd
C(z,x)e−iκ·x dxdz.(3.17)
The field Bˆ is the partial Fourier transform of the field B defined in the
statement of the proposition. Consider next the reflection operator in the
original spatial variables:
Tˇ (k, z,x,x′) =
1
(2pi)d
∫∫
ei(κ·x−κ
′·x′)
T̂ (k, z,κ,κ′)dκdκ′,(3.18)
Rˇ(k, z,x,x′) =
1
(2pi)d
∫∫
ei(κ·x−κ
′·x′)
R̂(k, z,κ,κ′)dκdκ′.(3.19)
Then we find that this operator is weakly characterized by the following
Itoˆ–Schro¨dinger diffusion:
dTˇ (k, z,x,x′) =
i
2k
∆x′Tˇ (k, z,x,x
′)dz − k
2C0(0)
8
Tˇ (k, z,x,x′)dz
+
ik
2
Tˇ (k, z,x,x′)dB(z,x′),
dRˇ(k, z,x,x′) =
i
2k
(∆x +∆x′)Rˇ(k, z,x,x
′)dz
− k
2(C0(0) +C0(x
′ − x))
4
Rˇ(k, z,x,x′)dz
+
ik
2
Rˇ(k, z,x,x′)(dB(z,x) + dB(z,x′)).
In Stratonovich form this diffusion model becomes (3.3). This proves the
last statement of the proposition (the convergence of the moments).
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Step 3. Convergence of (pεtr, p
ε
ref) to (ptr, pref) in C
0(R,L2w(R
d,R2)) ∩
L2w(R,L
2
w(R
d,R2)). Here L2w is the L
2 space equipped with the weak topol-
ogy. Lemma 3.1 shows that the process (pεtr, p
ε
ref) is tight in C
0(R,L2w(R
d,R2)).
Moreover, the first estimate in the lemma shows that, for any L2(Rd,R)-
functions φ,ψ, the random processes
Xεφ(s) =
∫
pεtr(s,x)φ(x)dx,
Y εψ (s) =
∫
pεref(s,x)ψ(x)dx
are uniformly bounded. Therefore, the finite-dimensional distributions are
characterized by the moments of the form
E
[ q∏
j=1
Xεφj (sj)
mj
q˜∏
j=1
Y εψj (s˜j)
m˜j
]
,
where q, q˜ ∈ N, mj , m˜j ∈ N, sj, s˜j ∈ R, φj , ψj ∈ L2(Rd,R). These moments
can be written as multiple integrals:
E
[ q∏
j=1
Xεφj (sj)
mj
q˜∏
j=1
Y εψj(s˜j)
m˜j
]
=
1
(2pi)(N+M)(d+1)
×
∫
· · ·
∫ q∏
h=1
mh∏
j=1
dκ′h,j dκh,j dkh,j ×
q˜∏
h=1
m˜h∏
j=1
dκ˜′h,j dκ˜h,jdk˜h,j
×
∏
h,j
(bˆinc(kh,j ,κ
′
h,j)φˆh(κh,j)e
−ikh,jsh)
×
∏
h,j
(bˆinc(k˜h,j, κ˜
′
h,j)ψˆh(κ˜h,j)e
−ik˜h,j s˜h)
×E
[∏
h,j
T̂
ε(kh,j ,L,κh,j,κ
′
h,j)
∏
h,j
R̂
ε(k˜h,j,L, κ˜h,j, κ˜
′
h,j)
]
,
for N =
∑q
h=1mh and M =
∑q˜
h=1 m˜h. Note that only specific moments of
quantities of the form (3.13) appear (i.e., moments of products of the trans-
mission and reflection operators at distinct k). The convergence of these spe-
cific moments therefore implies the convergence of the finite-dimensional dis-
tributions, hence the weak convergence in C0(R,L2w(R
d,R2)). Furthermore,
the estimate (3.11) shows that the processes are tight in L2w(R,L
2
w(R
d,R2))
(the unit ball is compact in the weak topology). This proves the weak con-
vergence in L2w(R,L
2
w(R
d,R2)).
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Step 4. Convergence of (pεtr, p
ε
ref) to (ptr, pref) in C
0(R,L2(Rd,R2))∩L2(R,
L2(Rd,R2)). Here L2 is the L2 space equipped with the strong topology.
Since the convergence has been proved in the weak topology, it is sufficient
to show that the L2-norm is preserved. On the one hand, the L2-norms of the
processes (pεtr, p
ε
ref) are deterministic, independent of ε, and given by (3.11).
On the other hand, the limit process (ptr, pref) has constant L
2-norm given
by (3.9). This proves the first statement of the proposition and completes
its proof.
4. The Wigner distributions. We first introduce the dimensionless au-
tocorrelation function C of the fluctuations of the random medium
C(z,x) = σ2C
(
z
lz
,
x
lx
)
,
where σ is the standard deviation of the fluctuations of the random medium
and lz (resp. lx) is the longitudinal (resp. transverse) correlation radius of
the medium. With this representation we have
C0(x) = σ
2lzC0
(
x
lx
)
, Ĉ0(u) = σ
2lzl
d
xCˆ0(ulx).
We assume next that the power spectral density Cˆ0(u) decays fast enough
so that
∫ |u|2Cˆ0(u)du is finite. This means that the autocorrelation func-
tion C0(x) is at least twice differentiable at x= 0, which corresponds to a
smooth random medium. For simplicity, we assume also that the random
fluctuations are isotropic in the transverse directions, in the sense that the
autocorrelation function C0(x) depends only on |x|.
4.1. The Wigner distribution of the transmitted wave. We now consider
two frequencies k1 and k2 in a frequency band centered at k and we define
the two-frequency Wigner distribution of the transmission operator by
W Tk1,k2(z,x,x
′,q,q′)
=
∫∫
e−i(q·y+q
′·y′)
(4.1)
×E
[
Tˇ
(
k1, z,
√
k√
k1
(
x+
y
2
)
,
√
k√
k1
(
x′ +
y′
2
))
× Tˇ
(
k2, z,
√
k√
k2
(
x− y
2
)
,
√
k√
k2
(
x′ − y
′
2
))]
dydy′.
Using the stochastic equation (3.3) and Itoˆ’s formula, we find that the
Wigner distribution satisfies the closed system
∂W Tk1,k2
∂z
+
q′
k
· ∇x′W Tk1,k2
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=−C0(0)(k
2
1 + k
2
2)
8
W Tk1,k2
+
k1k2
4(2pi)d
∫
Ĉ0(u)W
T
k1,k2
(
z,x,x′,q,q′ − 1
2
( √
k√
k1
+
√
k√
k2
)
u
)
× eiu·x′(
√
k/
√
k1−
√
k/
√
k2) du,
starting from
W Tk1,k2(z = 0,x,x
′,q,q′) = T 20 (4pi2k1k2/k2)d/2δ(x− x′)δ(q+ q′).
It is possible to solve this system and to find an integral representation of the
two-frequency Wigner distribution by using the approach of [9]. However, we
aim at focusing on spatial aspects in the next sections, and we shall simplify
the algebra by assuming that the bandwidth B of the incoming wave with
carrier wavenumber k0 is small. To describe this regime it is convenient to
introduce
β =
σ2k20Llz
4
, α=
L
k0l2x
, α0 =
L
k0r20
,(4.2)
where r0 is the initial beam width, β describes the intensity of random scat-
tering, while α and α0 represent the intensities of diffraction on respectively
the scales of the medium variations and the input beam. Note that these pa-
rameters correspond to inverse Fresnel numbers (up to a factor 2pi) relative
to respectively the lateral medium correlation scale and the aperture; below
we shall consider explicitly the case with small medium Fresnel number. We
assume that the bandwidth B of the incoming wave is small in the sense
that
B≪Bc, Bc := k0min(1, α−1, α−10 , β−1).(4.3)
In this regime we can approximate the two-frequency Wigner distribution
by its behavior at the carrier frequency. That is, if k1, k2 lie in the spectrum
of the incoming wave, the two-frequency Wigner distribution W Tk1,k2 can
be approximated by the simplified Wigner distribution W T that depends
only on the carrier wavenumber k0 and not on the lag k1− k2. This Wigner
distribution can be written in the form
W T (z,x,x′,q,q′) = T 20 (2pi)dWT
(
z
L
,
x
r0
,
x′
r0
,qlx,q
′lx
)
,
where WT satisfies
∂WT
∂ζ
+
αlx
r0
q′ · ∇x′WT = β
(2pi)d
∫
Cˆ0(u)[WT (q′ −u)−WT (q′)]du,(4.4)
starting from WT (ζ = 0,x,x′,q,q′) = δ(x − x′)δ(q + q′). We remark that
these are in fact the classical equations of radiative transport for angularly
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resolved wave energy density [22]. In [22] the radiative transfer equations
are written in the standard time-dependent form, while (4.4) is written in
a time-harmonic form in a reference frame moving with the background
velocity along the z-axis corresponding to the form set forth in [10].
In this context we have that βC0(0) is the total scattering cross-section,
βCˆ0(·) the differential scattering cross-section describing coupling of modes
depending on their relative propagation directions and (αlx/r0)q
′ a trans-
port or velocity vector. It is clear from this equation that diffractive effects
(characterized by the term q′ · ∇x′) are of order 1 if αlx/r0 ∼ 1 or equiva-
lently k0r0lx ∼L. In terms of Fresnel numbers, diffractive effects are of order
1 if
αe ≡ L
k0a2e
∼ 1,
where we have defined the effective aperture ae by
ae =
√
lxr0.
In Section 5 we shall see that a physically important and mathematically
interesting regime corresponds to
α0≪ αe ∼ 1≪ α,
so that from the point of view of the “medium Fresnel” number we are in
a Fraunhofer diffraction scaling, while from the point of view of the “source
Fresnel” number we are in a Fresnel diffraction scaling and finally from the
point of view of the effective Fresnel number, 1/(2piαe), we are in a general
or scalar diffraction theory setup.
By taking a Fourier transform in q′ and x′, we obtain a transport equation
that can be integrated and we find the following integral representation for
WT :
WT (ζ,x,x′,q,q′)
=
T 20
(4pi2α)d
∫∫
e−i(q
′+q)·η1−i(r0(x′−x)/(αlx)+qζ)·η2(4.5)
× eβ
∫ ζ
0
C0(η1+η2ζ′)−C0(0)dζ′ dη1 dη2.
This expression will be used in Section 5.1 to compute and discuss the two-
point statistics of the transmitted field.
4.2. The Wigner distribution for the reflected wave. We define the two-
frequency Wigner distribution of the reflection operator by
WRk1,k2(z,x,x
′,q,q′)
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=
∫∫
e−i(q·y+q
′·y′)
(4.6)
× E
[
Rˇ
(
k1, z,
√
k√
k1
(
x+
y
2
)
,
√
k√
k1
(
x′ +
y′
2
))
× Rˇ
(
k2, z,
√
k√
k2
(
x− y
2
)
,
√
k√
k2
(
x′ − y
′
2
))]
dydy′.
If the bandwidth of the incoming wave satisfies (4.3) and if k1, k2 lie in the
spectrum of the wave, then we find by using (3.4) that the two-frequency
Wigner distribution WRk1,k2 can be approximated by the simplified Wigner
distribution WR that depends only on the carrier wavenumber k0 and not
on the lag k1 − k2. This Wigner distribution satisfies the closed system
∂WR
∂z
+
q
k0
· ∇xWR + q
′
k0
· ∇x′WR
=
k20
4(2pi)d
∫
Ĉ0(u)
×
[
WR(z,x,x′,q−u,q′) +WR(z,x,x′,q,q′ − u)
+ 2WR
(
z,x,x′,q− 1
2
u,q′ − 1
2
u
)
cos (u · (x− x′))
− 2WR
(
z,x,x′,q− 1
2
u,q′ +
1
2
u
)
cos(u · (x− x′))
− 2WR(z,x,x′,q,q′)
]
du,
starting from WR(z = 0,x,x′,q,q′) = R20(2pi)dδ(x − x′)δ(q + q′). We now
cast the Wigner distribution in a suitable dimensionless form. We consider
the following Fourier transform V R of the Wigner distribution WR:
WR(z,x,x′,q,q′) =
1
(2pi)d
∫
V R
(
z,
q+ q′
2
,q− q′, s
)
eis·(x
′−x) ds,
which we introduce because the stationary maps that we will identify in
Lemma 4.1, in the asymptotic regime α→∞, have simple representations
in this new frame. Note also that this ansatz incorporates the fact that WR
does not depend on x + x′, only on x − x′, q and q′, which follows from
the stationarity of the random medium. The Fourier-transformed operator
V R(z,q,r, s) has the form
V R(z,q,r, s) =R20(pilx)deizr·s/k0VR
(
z
L
,qlx,rlx, slx
)
,
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where VR is the solution of the dimensionless system
∂VR
∂ζ
=
β
(2pi)d
×
∫
Cˆ0(u)
[
VR
(
ζ,q− 1
2
u,r− u, s
)
e−iαs·uζ
+ VR
(
ζ,q− 1
2
u,r+u, s
)
eiαs·uζ
+ VR
(
ζ,q− 1
2
u,r, s−u
)
e−iαr·uζ(4.7)
+ VR
(
ζ,q− 1
2
u,r, s+u
)
eiαr·uζ − 2VR(ζ,q,r, s)
−VR
(
ζ,q− 1
2
u,r−u, s+u
)
eiα[(r−s)·u−|u|
2]ζ
−VR
(
ζ,q− 1
2
u,r− u, s−u
)
e−iα[(r+s)·u+|u|
2]ζ
]
du,
starting from VR(ζ,q,r, s) = δ(q). The parameters α and β are given by
(4.2).
We want now to analyze the regime in which the transverse correlation
length lx of the medium is smaller than the beam width r0. More exactly,
we assume from now on in this section that
(1) r0 ≫ lx, which means that the transverse correlation length of the
medium is small,
(2) k0r0lx ∼L, which means that diffractive effects are of order 1.
These two conditions are equivalent to α0 ≪ αe ∼ 1≪ α. Note that in the
previous section we established the fact that diffraction plays a role for the
transmitted wave for a propagation distance L of the order of k0r0lx, which
is smaller than the usual Rayleigh length k0r
2
0 . This is a well-known result
[19], and we shall deduce it for the reflected field in the analytic framework
that we have set forth.
The rapid transverse variations regime is particularly interesting to study
because WR has a multiscale behavior. In (4.7) this regime gives rise to
rapid phases. The following proposition describes the asymptotic behavior
of VR as α→∞. The presence of singular layers at r= 0 and at s= 0 re-
quires particular attention and is responsible, for instance, for the enhanced
backscattering phenomenon studied in Section 5.3. The situation with α
large corresponds to a strong diffraction situation, at the scale of the lateral
medium fluctuations. In general [part (1) in Lemma 4.1] the intensity of the
reflection operator decays exponentially according to the parameter βC0(0)
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corresponding to the total scattering cross section. This decay follows from
a partial loss of coherence by random forward scattering. However, as artic-
ulated in parts (2) and (3) of the lemma below, the coupling of wave modes
depends on the full medium autocorrelation function if we look at nearby
specular reflection or small spatial offset frequencies. This coupling will be
important when we analyze enhanced backscattering in Section 5.3.
Lemma 4.1. (1) For any r 6= 0, s 6= 0:
VR(ζ,q,r, s) α→∞−→ δ(q)e−2βC0(0)ζ .(4.8)
(2) For any s 6= 0 we have VR(ζ,q, rα , s)
α→∞−→ VRr (ζ,q) where VRr (ζ,q) is
solution of
∂VRr
∂ζ
=
2β
(2pi)d
∫
Cˆ0(u)
[
VRr
(
ζ,q− 1
2
u
)
cos(r · uζ)−VRr (ζ,q)
]
du,(4.9)
and is given explicitly by
VRr (ζ,q) =
1
(2pi)d
∫
e−iq·ueβ
∫ ζ
0
C0(u/2+rζ′)+C0(u/2−rζ′)−2C0(0)dζ′ du.(4.10)
Similarly, for any r 6= 0 we have VR(ζ,q,r, sα)
α→∞−→ VRs (ζ,q).
(3) For any r and s we have
VR
(
ζ,q,
r
α
,
s
α
)
α→∞−→ VRr (ζ,q) + VRs (ζ,q)− δ(q)e−2βC0(0)ζ .(4.11)
Proof. In case (1), the rapid phases cancel the contributions of all but
the term VR (ζ,q,r, s) in (4.7), and we get
∂VR
∂ζ
=−2 β
(2pi)d
∫
Cˆ0(u)VR du=−2βC0(0)VR,
which gives (4.8). In case (2), we obtain in the limit α→∞ the simplified
system
∂V˜Rr
∂ζ
=
β
(2pi)d
∫
Cˆ0(u)
[
V˜Rr
(
ζ,q− 1
2
u, s− u
)
e−ir·uζ
+ V˜Rr
(
ζ,q− 1
2
u, s+ u
)
eir·uζ − 2V˜Rr (ζ,q, s)
]
du.
We then Fourier transform this equation in q and s, and we obtain that the
solution does not depend on s, that it satisfies (4.9), and that it is given by
(4.10).
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In case (3), we obtain the simplified system for VRr,s(ζ,q) = limα→∞ VR(ζ,q,
r
α ,
s
α ):
∂VRr,s
∂ζ
=
2β
(2pi)d
∫
Cˆ0(u)
[
VRs
(
ζ,q− 1
2
u
)
cos(s · uζ)
+ VRr
(
ζ,q− 1
2
u
)
cos(r ·uζ)−VRr,s(ζ,q)
]
du.
Using (4.9) satisfied by VRs and VRr , we get
∂VRr,s
∂ζ
=
∂VRr
∂ζ
+
∂VRs
∂ζ
+2βC0(0)[VRr + VRs −VRr,s],
which yields (4.11). 
5. Two-point statistics of the transmitted and reflected fields.
5.1. The transmitted field. The results of Section 4.1 allow us to compute
the two-point statistics of the transmitted field. We assume that
(a) the pulse has carrier frequency k0 and it is narrowband in the sense
that it satisfies (4.3),
(b) the input beam spatial profile is Gaussian with radius r0,
binc(t,x) = f0(t)e
−ik0t exp
(
−|x|
2
r20
)
(5.1)
(suppressing the complex conjugate part here and below),
(c) the transverse correlation radius lx of the random fluctuations of the
medium is much smaller than r0 and k0r0lx ∼ L. As we have discussed after
(4.4), this last condition ensures that diffractive effects are of order 1.
Under (a) and (b), we find that the autocorrelation function of the trans-
mitted field defined by
Atr(s, t,x,y) = lim
ε→0
E
[
pεtr
(
s+
t
2
,x+
y
2
)
pεtr
(
s− t
2
,x− y
2
)]
has the form
Atr(s, t,x,y) = T 20 f0
(
s+
t
2
)
f0
(
s− t
2
)
e−ik0t
(
r20
8pi
)d/2
×
∫
e−|ηL/k0+y|
2/(2r20)−r20 |η|2/8e−iη·x(5.2)
× ek20/4
∫ L
0
C0(ηz/k0+y)−C0(0)dz dη.
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Under (a)–(c), we obtain
Atr(s, t,x,y) = T 20 f0
(
s+
t
2
)
f0
(
s− t
2
)
e−ik0t
(
r20
8pi
)d/2
(5.3)
×
∫
e−r
2
0|η|2/8−|y|2/(2r20)e−iη·xek
2
0/4
∫ L
0
C0(ηz/k0+y)−C0(0)dz dη.
If, moreover, random scattering is strong, in the sense that β≫ 1, or equiv-
alently k20C0(0)L≫ 1, and if the autocorrelation function of the random
fluctuations of the medium is twice differentiable at zero:
C0(x) = C0(0)− D
2
|x|2 + o(|x|2),
(5.4)
D =−1
d
∆C0(0) =−σ
2lz
dl2x
∆C0(0),
then we obtain that the autocorrelation function has the Gaussian shape
Atr(s, t,x,y) = T 20 f0
(
s+
t
2
)
f0
(
s− t
2
)
e−ik0t
(
r0
rT (L)
)d
(5.5)
× exp
(
− 2|x|
2
rT (L)2
− |y|
2
2ρT (L)2
+ i
x · y
χT (L)2
)
.
The beam radius rT (L), the correlation radius ρT (L) and the parameter
χT (L) are characterized by
rT (L) = r0
√
1 +
DL3
3r20
,(5.6)
ρT (L) = r0
√
1 +DL3/(3r20)√
1 + k20r
2
0DL/4 + k
2
0D
2L4/48
,(5.7)
χT (L) =
rT (L)√
k0DL2/2
,(5.8)
where we have taken into account that k0r
2
0 ≫ L in the considered regime.
Note in particular that the beam width increases at the anomalous rate
L3/2 (which was first obtained in the physical literature in [13] and con-
firmed mathematically in [11]). Furthermore, the lateral correlation radius
decays to zero, which means that the beam becomes partially coherent. We
finally remark that these results hold true in the case with a smooth random
medium [with C0 twice differentiable at 0 as in (5.4)]; the situation with a
rough random medium will be addressed elsewhere.
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5.2. The reflected field. Under (a) and (b), the limit autocorrelation
function of the reflected field defined by
Aref(s, t,x,y) = lim
ε→0E
[
pεref
(
s+
t
2
,x+
y
2
)
pεref
(
s− t
2
,x− y
2
)]
has the form
Aref(s, t,x,y)
=R20f0
(
s+
t
2
)
f0
(
s− t
2
)
e−ik0t
(
r20
8pi
)d/2
(5.9)
×
∫∫∫
dη1 dη2 dη3e
iLη3·η2/k0−r20(|η3|2+|η2−2η1|2)/8
× e−iη3·x+iy·(η1+η2/2)VR(1,η1,η2,η3),
where the function VR is the solution of the system (4.7). Under (a)–(c) the
asymptotic behavior of the function VR is determined by Lemma 4.1 and
we find that the autocorrelation is given by
Aref(s, t,x,y) =R20f0
(
s+
t
2
)
f0
(
s− t
2
)
e−ik0t
(
r20
8pi
)d/2
×
∫
e−r
2
0 |η|2/8−|y|2/(2r20)e−iη·x(5.10)
× ek20/4
∫ 2L
0
C0(ηz/k0+y)−C0(0)dz dη.
This is exactly the form (5.3) of the autocorrelation function of the trans-
mitted wave, upon the substitution 2L for L. This shows that we would have
obtained the same result if we had assumed that the backward propagation
was independent of the forward propagation. The independent approach is
valid in the regime in which the beam width is much larger than the trans-
verse correlation radius of the fluctuations of the random medium, but it is
not valid in other regimes, as can be seen by comparing the full expressions
(5.2) and (5.9).
5.3. Enhanced backscattering. The comparison of the autocorrelation func-
tion of the reflected wave and that of the transmitted wave for the propaga-
tion distance 2L shows that, in the regime α≫ 1, there is no coherent effect
building up between the forward and backward propagations. However, cor-
rective terms show that there are some residual effects. In particular, we
would like to show that the reflected intensity exhibits a singular picture in
a very narrow cone, of angular width of order α−1, around the backscat-
tered direction. This phenomenon, called enhanced backscattering or weak
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localization, is widely discussed in the physical literature [3, 27]. The phys-
ical observation is that, for an incoming quasi-monochromatic quasi-plane
wave, the mean reflected power has a local maximum in the backscattered
direction, which is twice as large as the mean reflected power in the other
directions.
In this section, we assume that the incoming wave has the form
binc(t,x) = f(t)e
−ik0tginc(x),
that it is narrowband in the sense that it satisfies (4.3), and that it is nearly
a plane wave, in the sense that gˆinc(κ) is concentrated at some κinc (assumed
to be different from the normal incident vector 0). By “concentrated” we
mean that the angular width of the incoming beam is smaller than α−1. The
reflected signal in the direction κ0 is
pˇεref(s,κ0) =
∫
pεref(s,x)e
−iκ0·x dx
=
1
2pi
∫
R̂
ε(k,L,κ0,κ
′)bˆinc(k,κ′)e−iks dk.
The moment of the square modulus of pˇεref(s,κ0) only involves specific mo-
ments of quantities of the form (3.13) (with distinct k). Therefore this mo-
ment converges to the one of the limit process pˇref(s,κ0) defined as the
Fourier transform in x of pref(s,x) given by (3.2). This means that the
mean reflected intensity in the direction κ0 converges to
E[|pˇεref(s,κ0)|2] ε→0−→R20|f(s)|2IR(κ0),
IR(κ0) = 2
−dldx
∫
VR
(
1,
κ0 − κ′1
2
lx, (κ0 +κ
′
1)lx,0
)
|gˆinc(κ′1)|2 dκ′1.
Using the fact that gˆinc(κ) is concentrated at κinc, we get
IR(κ0) = PVR
(
1,
κ0 −κinc
2
lx, (κ0 + κinc)lx,0
)
,(5.11)
where P = 2−dldx
∫ |gˆinc(κ′1)|2 dκ′1. This formula gives the mean reflected in-
tensity in the direction κ0 and is valid for arbitrary values of α and β. Let
us consider the regime α≫ 1. The mean reflected intensity far enough from
the backscattered direction −κinc is of the form
IR(κ0) = PVR0
(
1,
κ0 −κinc
2
lx
)
for |κ0 +κinc|lx≫ α−1,
where we have used the second point of Lemma 4.1. In a narrow angular cone
around the backscattered direction −κinc, the reflected intensity is locally
larger:
IR(−κinc + α−1κ) = P [VR0 (1,−κinclx) + VRκlx(1,−κinclx)],
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where we have used the third point of Lemma 4.1. If we assume, additionally,
that β≫ 1, then we have
IR(κ0) = P (piDβ)−d/2e−|κ0−κinc|2l2x/(4Dβ) for |κ0 +κinc|lx≫ α−1,
where D is the dimensionless version of D given by (5.4): D = σ2lzl−2x D. This
formula gives the width of the diffusion cone around the specular direction
κinc:
∆κspec =
2
√Dβ
lx
=
√Dσk0
√
Llz
lx
=
√
DLk0.(5.12)
On the top of this broad cone, we have a narrow cone of relative maximum
equal to 2 centered along the backscattered direction −κinc:
IR(−κinc +α−1κ) = P (piDβ)−d/2e−|κinc|2l2x/(Dβ)[1 + e−Dβ|κ|2l2x/3].
This shows that the width of the enhanced backscattering cone is
∆κEBC =
√
3
lx
√Dβα =
2
√
3lx√Dσ√lzL3
=
2
√
3√
DL3
.(5.13)
Note that the angular width ∆θEBC =∆κEBC/k0 of the cone is proportional
to the wavelength, as predicted by physical arguments based on diagram-
matic expansions [27].
APPENDIX: DERIVATION OF THE LIMIT MOMENT EQUATIONS
The purpose of this appendix is to compute the limit of the expectation
of (3.13) as ε→ 0, for distinct frequencies kj , k˜j . Using (2.20) and (2.21) we
find
dIε
dz
(z) =
N∑
j=1
N∏
l=16=j
T̂
ε(kl, z,κl,κ
′
l)
×
M∏
l=1
R̂
ε(k˜l, z, κ˜l, κ˜
′
l)
×
{∫
T̂
ε(kj , z,κj ,κa)L̂
ε(kj , z,κa,κ
′
j)dκa
+ e2ikjz/ε
4
∫
T̂
ε(kj , z,κj,κa)L̂
ε(kj , z,κa,κb)
× R̂ε(kj , z,κb,κ′j)dκa dκb
}
+
M∑
j=1
N∏
l=1
T̂
ε(kl, z,κl,κ
′
l)
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(A.14)
×
M∏
l=16=j
R̂
ε(k˜l, z, κ˜l, κ˜
′
l)
×
{
e−2ik˜jz/ε
4
L̂
ε(k˜j , z, κ˜j , κ˜
′
j) + e
2ik˜jz/ε4
×
∫∫
R̂
ε(k˜j , z, κ˜j,κa)L̂
ε(k˜j , z,κa,κb)
× R̂ε(k˜j , z,κb, κ˜′j)dκa dκb
+
∫
L̂
ε(k˜j , z, κ˜j,κa)R̂
ε(k˜j , z,κa, κ˜
′
j)dκa
+
∫
R̂
ε(k˜j , z, κ˜j ,κa)L̂
ε(k˜j , z,κa, κ˜
′
j)dκa
}
.
We next apply the diffusion approximation to get limit equations for the mo-
ments; see [14] for background material on and related applications of the
diffusion approximation. Observe that the random coefficients are rapidly
fluctuating in view of (2.22). Those coefficients that are of order ε−1 are
centered and fluctuate on the scale ε2; moreover they are assumed to be
rapidly mixing, giving a white-noise scaling situation. Moreover, the rapid
phase terms exp(±2ikz/ε4) lead to some cancellations between interacting
terms. Here, the fact that the frequencies are distinct plays a key role. As
a consequence, by applying diffusion approximation results, we obtain the
equations for the moments E[Iε] in the limit ε→ 0:
I¯(z) = lim
ε→0E[I
ε(z)].
We obtain from (A.14) that I¯ solves a system of integro-differential equa-
tions
dI¯
dz
(z) = − i
2
(
N∑
j=1
|κ′j|2
kj
+
M∑
j=1
|κ˜j|2 + |κ˜′j |2
k˜j
)
I¯(z)
− C0(0)
8
(
N∑
j=1
k2j +2
M∑
j=1
k˜2j
)
I¯(z)
− 1
8(2pi)d
∫
Ĉ0(κ)
×
{
N∑
j=1
∑
l 6=j
kjklI¯(κ
′
j −κ,κ′l +κ)
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+2
M∑
j=1
k˜2j I¯(κ˜j −κ, κ˜′j −κ)
+
M∑
j=1
∑
l 6=j
k˜j k˜l(I¯(κ˜j −κ, κ˜′l − κ)(A.15)
+ I¯(κ˜l −κ, κ˜′j −κ)
+ I¯(κ˜j − κ, κ˜l +κ)
+ I¯(κ˜′j − κ, κ˜′l +κ))
+ 2
N∑
j=1
M∑
l=1
kj k˜l(I¯(κ
′
j − κ, κ˜l − κ)
+ I¯(κ′j − κ, κ˜′l + κ))
}
dκ,
where we only write the shifted arguments for I¯ . The initial conditions are
I¯(k, k˜,κ, κ˜,κ′, κ˜′, z = 0) = T N0
∏N
j=1 δ(κj−κ′j)RM0
∏M
j=1 δ(κ˜j− κ˜′j). Using in
particular the relation
E
[∫∫∫ za
0
∫ zb
0
λa(sa,κa)λb(sb,κb)dBˆ(sa,κa)dBˆ(sb,κb)dκa dκb
]
=
∫∫ min(za,zb)
0
E [λa(s,κ)λb(s,−κ)] (2pi)dĈ0(κ)dsdκ,
we can then verify that
I¯(z) = E
[
N∏
j=1
T̂ (kj ,L,κj,κ
′
j)
M∏
j=1
R̂(k˜j ,L, κ˜j , κ˜
′
j)
]
,
where the right-hand side expectation is taken with respect to the Itoˆ–
Schro¨dinger model for the transmission and reflection operators in (3.14)–
(3.15).
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